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A Howell Design of type H(s, 212) consists of a square of side s such that each 
cell is either empty or contains an unordered pair of integers taken from amongst 
I, 2, 3,..., 212 provided: (1) each integer from 1 to 2n appears exactly once in 
each row and each column of the square and (2) every unordered pair appears 
at most once in a cell of the square. It is easily seen that for a Howell Design to 
exist that n < s Q 212 - I. This paper presents a large number of constructions 
of Howell Designs and some existence theorems. 
1. INTRODUCTION 
Let n and s be integers where n < s < 2n - 1. A square of side s such 
that each cell is empty or contains an unordered pair of integers from 
amongst 1, 2,..., 2n is called a Howell Design of type H(s, 2n), provided; 
(1) each integer from 1 to 2n appears exactly once in each row and each 
column and (2) every unordered pair of integers appears at most once in 
a cell of the square. For a design of type H(s, 2n) we call it a design of side s 
and of order 2n. The range of possible values of s is n ,< s < 2n - 1. 
Such designs arose originally in the scheduling of bridge tournaments. 
If we consider the rows as the rounds of the tournament and the columns 
as the set of boards played, then if the pair (i,,j) appears in the m-th row 
and n-th column the interpretation is that team i plays team j in the m-th 
round using the n-th set of boards. In actual practice the pairs (i,j) 
should be ordered but for the purpose of this paper we consider only the 
designs with unordered pairs. This design was first constructed by 
E. C. Howell about 1900 for competitive whist tournaments for the case 
s = 2n - 1 and 2n = 4, 6 ,..., 30. 
There are two extreme cases of Howell designs, namely, s = II and 
s = 2n - 1. The case s = 2n - 1 has been called a Room Design in the 
literature after T. G. Room, but clearly Howell has priority on the 
discovery. Due largely to the work of Stanton, Mullin, and their students, 
the existence of Room designs for all IE would be completely solved if a 
square of type H(257, 258) could be constructed. This would still leave 
open the problem of the number of isomorphism classes. 
174 
Copyright Q 1974 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
ON HOWELL DESIGNS 175 
2. THE EXTREME CASE s = n 
In the extreme case with s = n, every cell of the square contains 
one unordered pair of integers. An obvious case is n = 1 = s, 2n = 2. 
The square is simply (1, 1’). 
It is easy to see that if there are two orthogonal Latin squares of order n 
then there would be a Howell Design of type H(n, 2n). In fact, let the first 
Latin square contain I,..., n and the second one contain I’,..., n’. Then 
take the elements in corresponding cells of both squares as the pair in the 
corresponding cell of a new n x n square. It satisfies all the conditions for 
a Howell Design. 
Orthogonal Latin squares exist for all positive integers except 2 and 6, 
so H(n, 2n) exists for all positive integers n except possibly n = 2 and 
IZ = 6. It is not difficult to show that H(2,4) does not exist. However, 
for n = 6 there exists an H(6, 12) as follows: 
1, 7 2, 8 3, 9 4,lO 511 6, 12 
2, 3 12, 7 4, 5 8, 9 6, 1 10, 11 
11, 12 3, 4 7, 8 5, 6 9, 10 1, 2 
5, 10 6, 11 1, 12 2, 7 3, 8 4, 9 
6, 9 1, 10 2, 11 3, 12 4, 7 5, 8 
4, 8 5, 9 6, 10 1, I1 2, 12 3, 7 
Hence we have: 
THEOREM 1. H(n, 2n) exists for all positive integers n except n = 2. 
In what follows we shall give constructions for H(n, 2n) independent of 
orthogonal Latin squares. 
3. CONSTRUCTION OF SOME DESIGNS FOR IZ <s < 2n - I 
From the two extreme cases we know that Howell Designs widely exist. 
Now we are going to see what happens when n < s < 212 - 1. We first 
consider small values of II: 
n = 2. There is no s for which n < s < 2n - 1. In the extreme cases 
neither H(2, 4) nor H(3, 4) exists. 
n = 3. The only case n < s < 2n - 1 is H(4, 6) which exists as 
follows: 
1, 6 4, 5 2, 3 
3,4 2, 6 1,5 
2, 5 4, 1 3, 6 
3, 5 1, 2 4, 6 
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n = 4. There are two possible cases, s = 5 and s = 6. After a 
complete investigation by computer it is known that H(5, 8) does not exist 
but H(6, 8) exists as follows: 
I,2 3,4 5,6 7,8 
57 6,8 I,3 2,4 
4,5 1,8 2, 7 3, 6 
3, 7 2, 6 4,8 I,5 
2,8 3,5 4,6 I,7 
1,6 4,7 3,8 2,5 
Before we go to any higher order we want to describe a modification of 
the starter-adder method originally described by Mullin and Stanton [l]. 
This starter-adder method was used by Stanton, Mullin, and Nemeth 
to construct many Room Squares. For the square H(2n - 1, 2n) the 
starter-adder method is the following: 
We consider the integers mod(2n - 1) and append a symbol co with the 
property that co + 1 = co. The set of pairs (co, 0), (aI , b,), (az , b,) ,..., 
(a,-, , b,-,) is called a starter if a, , a2 ,..., a,-, , b, , b, ,..., b,-, are all the 
2n - 2 non-zero residues mod(2n - 1) and if &(a, - b,), &(a, - bJ,..., 
&(Q,+~ - b,-,) are all distinct. The set of elements cO, cr , cp ,..., c,-~ are 
said to be an adder if c,, + 0, c1 + a, , c1 + b, , c2 + a, , c, + b, ,..., 
G-1 + G-1, c,-r + b,-, are all the residues mod(2n - 1) and if 
co 7 Cl ,...> c,-r are all distinct. 
With a starter-adder one can construct an H(2n - 1, 217) as follows. 
First, we place (ai , bJ in the cell occupying the first row and (2n - cJ-th 
column, and (co, 0) in the first row (2rl - co)-th column. Then, if the pair 
(x, JJ) occupies the cell in the i-th row and j-th column, the pair 
(x + 1, y + 1) occupies the cell in the (i + I)-th row and (j -1 I)-th 
column (row and column indices are taken mod(2n - 1)). If the cell in 
the i-th row, j-th column is empty then so is the cell in the (i + I)-th row 
and (j + 1)-th column. In the case of Room Square there is one infinity, 
but, in our modification, for any H(s, 2n) there are (2n - s) infinities. 
Let the 2n elements be l,..., s, CO,~-,+~ ,..., co,, where the non-infinity 
elements are taken mod s and consider the pairs: 
(Xi ) yJ, i = l)...) s - II, where xj ) yj 6 (l)...) s), 
such that -J(xi - yi) are all distinct. 
Caj 9 zj>~ zj E (I,..., s), Zj # Xi 3 zj z Yi , 
j = s - n + I,..., II, i = l,..., s - n, 
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and 
{Xi} U {vi} U (Zj} = (1, 2,..*, S}* 
We call the following pairs a starter: 
(x1 , YA-., b-n , Ys-n>, (~,-,+I > zs-n+1L..., cc% >z3. 
Let Ui , C7j E (l,..., s), i = l,..., s - n, j = s - n + I ,..., n such that 
xi + ai , yi + ai , zj + aj are all distinct. Then we call the set a, , a2 ,..., a, 
an adder. The construction of H(s, n) now proceeds in the same way as 
in the original starter-adder method. The square constructed by this 
method would contain no repeated pairs, and no repeated elements in the 
same row or the same column. 
If we can find such a set of starter-adder for positive integers s and 2n, 
then there exists a design H(s, 2n), but this is not a necessary condition, 
as will be shown in what follows. For convenience of notation we will 
omit the co’s in writing down a starter, i.e., instead of 
(x1 > Yl), (x3 9 YJ,..., (x,-n 2 VA (as-n+1 , zs--n+l)Y> (% 3 z,> 
we will write 
(XI 3 YA k? 5 VZ>....~ (x,-n > vs-A zs-,+I ,-*., -7n . 
Also, we will not necessarily list the z’s at the end of the table. For instance 
for n = 5, s = 6 the following is a starter: 6, 5, 4, (2, 3), 1. The notation 
is ambiguous, but the ambiguity is inconsequential since it is immaterial 
which subscripts are appended to the co-symbols provided they are all 
different, i.e., 6, 5, 4, (2, 3), 1 could represent (00~ , 6) (co, , 5), (co3 ,4), 
(2,3), (a5 > 1). 
4. CONSTRUCTION OF SOME INFINITE CLASSES OF DESIGNS 
Using this modified starter-added method we can easily construct 
many infinite classes of Howell designs. Henceforth, we denote the design 
which can be constructed by this method by H,(s, 2n). 
THEOREM 2. For all positive odd integers n, Hs(n, 2n) exists. 
Proof. (in this paper, for convenience we write an integer k = 0 mod m 
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as “m” rather than “0” in all the constructions using the starter-adder 
method). We give the starter-adder as follows: 
adder : 
I1 + 3 n, I1 - l,..., ___ n+l n-1 ~ ~ 2 , 2 ) 2 )...) 4, 3, 2, 1 
starter: 
n -+ 3 
n, n - I,..., ___ 
n + 1 n-l 
- - 2 , 2 ) 2 )...) 4, 3, 2, 1 
sum: n, - . . . 3, 1, n I,..., 8, 6, 4, 2 
odd 
--,1__ 
even 
From Theorem 2 we know that H(n, 2n), when n is odd, can be con- 
structed without the use of orthogonal Latin squares. 
THEOREM 3. For positive odd integers n > 3, H,(n + 1, 2n) exists. 
Proof. The starter-adder and sum are given explicitly as follows: 
adder : 
n + 1, n,..., n+ + 3, y + 2, f+’ + 1, F ,...) 392, 1 
starter : 
n + 1, n,..., 5J+3, x rq + 2, F + l)...) 4, (2, 3), 1 
sum: 
n + 1, n - l,..., 6 3, 1 )...) 7, 4, 5, 2 
For convenience all possible adders are listed. An X under an adder 
means that it has not been used and in fact corresponds to an empty cell 
in the first row. 
THEOREM 4. For any positive even integer n, H,(n, 2n) and Hs(n + 1,2n) 
do not exist. 
Proof. For H&z, 2n), if there exists a starter-adder 
adder: n, n - l,.. ., 3, 2, 1 
starter: a, , alLwl ,..., a3 , a2 , a, 
sum: s, , s,-r ,..., sQ , s2 , s1 
Since 
ai E (l,..., n), i = l,..., n, and all distinct, 
si E (I,..., n), i = I,..., n, and all distinct, 
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we have 
but 
SO 
si = LZi + i 
Now, if n is even, 
Hence there does not exist a starter-adder for H(n, 2n). 
In the case of H(n + 1,2n) without loss of generality, we can assume 
that the empty cell in the first row is the last one, i.e., (n + 1)-th. 
If there exists a starter-adder, let 
be the starter 
(Xl 2 Yl), (x2, ~A..., (xn 3 c%.> 
xi 3 Yl E (l,..., n + l>3 i = l,..., n, 
and 
al ,.-, a, E (I,..., n) 
be the adders. Xi , y1 are all distinct, and a, ,..., a, are all distinct: 
( Yl + 4 + (Xl + 4 + (x2 + a21 + *** + (&I + Gz> 
but 
= Y1 + al + i ai + 2 Xi 
i=l i=l 
y1 + a, + i ai + i xi = ni1 i = 0 mod@ 
i=l i=l i=l 
Since n is even, 
f xi + y1 = y i = 0 mod@ + 1) 
i=l i=l 
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so a, = 0 mod@ + l), which contradicts the fact that a, E (1,2,..., n}, 
We now proceed to describe a method of constructing the designs of 
type H(n, 2n) with n = even without using orthogonal Latin squares. Let 
s1 = (l)...) It:, S2 = {n + I,..,) 2~) be the 2n elements. We distinguish 
two cases: 
Case 1. n = 2t and t is even. We arrange the 2n elements in a table 
as follows: The first column gives the value of Di , i = I,..., t, t + l,..., n, 
where Di represents the difference (mod n) of the elements in a pair in 
the i-th row: 
n (1, n + 1) (2, n + 2) 
n-2 (2,2n) (3, nfl) 
n-4 (3,2n-1) (4,2n) 
n-6 (4, h-2) (5,2n-1) . 
i (i,2nit+2) (;+I, fn-tf3) 
t rows 
n-l (t+2,3t+l) (t+3,3t+2) 
n-3 (t+3, 3t) (t+4,3t+l) 
; . (n, nS3) (i, nfi) 
i=n, t+l (t+l,n+2) (t+2,n+3) 
t rows 
In this arrangement, ignoring the first column of Di’S, obviously in each 
row and in each column each element appears only once. We have to 
consider only whether there are any repeated pairs. The repeated pairs can 
only occur in such rows with the same Di . In this case the first t rows have 
values of Di which are even and distinct. The second c rows have values of 
Di which are odd and all but two are distinct. The two rows that have the 
same Di = t + 1, are the n-th row and Qt-th row. We rearrange the table 
to avoid repeats using the (Qt - 1)-th and ($t)-th rows as follows: the old 
rows 
i=$t-l (#t, $r I- 3) (#t + 1, -f + 4) 
i = $t (#t+l,$t’2)(&+2,-t+3) 
(gt + 2, St + 5) ... ($t - 1, Qt + 2) 
(St + 3, Qt + 4) .*. (#t, #t + 1) 
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are replaced by the new rows 
i=$-1 (9, iit + 1) @t + 3, gt + 4) 
i = jt ($3 + 2, Qt + 3)(@ + 1, $t + 2) 
($t + 2, Qt + 3) -** ($I + 1, gt + 2) 
(gt + 4, Qt + 5) ... (gt - 1, St) 
Obviously in each new row every element occurs exactly once and, since 
each element is still in the same column, each column contains every 
element exactly once. Now there are no repeated pairs since all pairs in 
these new rows are pairs in which both elements come from s1 or from sz , 
while in the original rows each pair consists of one element from s, and 
one from s2 . For example, in H(4, 8) just rearrange the last two rows as 
follows: 
1, 5 2,6 3,7 4, 8 1, 5 2,6 3,7 4,8 
2,8 3, 5 4,6 1,7 2, 8 3, 5 4,6 I,7 
=> 
4, 7 1, 8 2, 5 3, 6 3,4 7,8 1,2 5,6 
3,6 4,7 1,8 2,5 6, 7 4, 1 8, 5 2, 3 
Case 2. IZ = 2t, t = odd, t # 1. Similar to Case 1 but the repeated 
Di = t + 1 would be even and the rows which have the repeated Di 
would be n-th row and ((t + 1)/2)-th row. We rearrange the ((t - 1)/2)-th 
row and ((t + 1)/2)-th row to avoid the repeated pairs as follows: The old 
rows 
. 
t-l t-l 3t 5 I=- 
2 ( -,n+-, + I( t+l 2 2 -, 2 n+ 3t+7 1 -, 2
( -t-i-3 2 , n + - 3t + 2 9 1 ,..., ( - t-3 2 , n+2 3t + 3 ) 
i-t+1 
(  
t+l 
nf 
3-l-3 t+3 3t + 5 
2 -9 2 -, 2 ) (  -,n+-----, 2 2 1 
( 
t+5 
- 2 , n + 
3t + 7 
~ ) 
t-l 
3t+1 
2 ,..., ( - 2 ,n+ ~ 1 2 
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become the new rows 
t-1 
( 
t-l t+l 
I( n+ 
3t+5 
n+ 
3t+7 
I=- - 2 2 9-y-Y -3 2 2 1 ’ 
( 
t+3 t+5 
1 ( 
3t+ I 
__ 
2 ’ 2 )...) 
n + 2 
, n i- 
3t + 5 
~ 2 
t+1 3t + 3 
( nt--9 
3t + 5 t+l t+3 
E=- 2 2 n+-----, I( 1 2 -,- 2 2 ’ 
(  
n+ 3t+7 n+ 3t+9 t-3 t-l 
-, 2 ___ j 2 )...) (  2 ’ 2 
An example for this case is H(6, 12): 
6 1, 7 2, 8 3, 9 4, 10 5, 11 6, 12 
4 2, 12 3, 7 4, 8 5, 9 6, 10 1, 11 
2 3, 11 4, 12 5, 7 6, 8 1, 9 2, 10 
5 5, 10 6, 11 1, 12 2, 7 3, 8 4, 9 
3 6, 9 1, 10 2, 11 3, 12 4, 7 5, 8 
4 4, 8 5, 9 6, 10 1, 11 2, 12 3, 7 
1, 2 7, 8 3, 4 9, 10 5, 6 11, 1; 
12, 7 2, 3 8, 9 4, 5 10, 11 6, 1 
3, 11 4, 12 5, 7 6, 8 1, 9 2, 1c 
* 
5, 10 6, 11 1, 12 2, 7 3, 8 4, 5 
6, 9 1, 10 2, 11 3, 12 4, 7 5, E 
4, 8 5, 9 6, 10 1, 11 2, 12 3, 7 
so the existence of designs H(n, 2n), 12 = even, indeed does not have to 
depend on the existence of orthogonal Latin squares. 
We know already from Theorem 1 that H(n, 2n), n # 2, exists so the 
starter-adder method is not a necessary condition. In the case of 
H(n + 1,2n) with IZ even, computer calculations have produced designs 
of type H(7, 12) and H(9, 16). The general cases H(n + k, 2n), k > 2, 
will be discussed in what follows. 
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5. THE MULTIPLICATION THEOREMS 
We explain next the multiplication method for the construction of 
higher order Howell Designs by means of the use of lower order designs. 
The method given here can be seen as a generalization of Horton’s method, 
which was originally used in the construction of Room squares (see [2] 
and [3]). 
DEFINITION. We say a Howell Design of type H(s, 2n) satisfies a 
*-condition on a set of (2n - s) integers if there are (2n - s) integers 
among 1, 2,..., 2n such that no pair of them occupy a cell. 
Many Howell Designs satisfy the *-condition, for example: 
(a) All designs H,(s, 2n) constructed by the starter-adder method must 
satisfy the *-condition since the infinites constitute a set of 2n - s elements 
no two of which occupy a cell. 
(b) All Room Squares, i.e., H(2n - 1, 2n), satisfy the *-condition 
since2n-X= 1. 
(c) All designs of type H(2n - 2,2n) satisfy the *-condition. Consider 
an element “Y in such a design. It is paired with 2n - 2 other elements 
so there remains an element y with which x is not paired in a cell. 
(d) All H(n, 2n) which come from orthogonal Latin squares satisfy the 
*-condition (obvious), but the design H(n, 2n), n = even, constructed by 
the method given in the previous section without using orthogonal Latin 
squares need not satisfy the *-condition. 
For H(n, 2n), all H(3, 6), H(4, S), constructed by any method whatever, 
satisfy the *-condition. But, for H(5, lo), we know that there are at least 
two non-isomorphic Howell Designs of this type. One of these comes 
from two orthogonal Latin squares (or by the starter-adder method) and 
must satisfy the *-condition. A second one constructed by computer is as 
follows: 
1, 6 2, 3 9, 10 4, 5 7, 8 
8, 9 1, 7 2, 4 3, 10 5, 6 
5, 3 4, 10 1, 8 6, 7 2, 9 
2, 10 6, 8 5, 7 1, 9 3, 4 
4, 7 5, 9 3, 6 2, 8 1, 10 
It does not satisfy the *-condition, as is easily checked. 
For n = 6, H(6, 12) exists as shown previously but no design of type 
H(6, 12) can satisfy the *-condition. If there are any of them satisfying 
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this condition, then it would imply the existence of a pair of orthogonal 
Latin squares of order 6. Henceforth, we denote a Howell Design of type 
H(s, 212) which satisfies the *-condition by H*(s, 2n). (An H,(s, 2n) must 
be an H*(s, 2n); whether we use “S” or “*” depends on what condition 
we wish to emphasize.) 
THEOREM 6. (Multiplication Theorem). If H*(s, , 24, and H(s, , 2n,) 
exist and a pair of orthogonal Latin squares of order s1 exist, then 
H(s1s2 , (2n, - l)s, + (2n, - 3,)) exists. 
Proof. Let HI be the design of type H*(s, , 2n,) and having elements 
(1, 2,..., 2n,), I& the design of type H(s, , 2n,) having elements 
(1, L., 2~2, - 1, co). Without loss of generality we can assume that H, 
is such a Howell Design whose main diagonal consists of those cells 
containing (co, i) i = l,..., sz . 
Let L, R be two orthogonal Latin squares of order s1 on (I,..., sl). We 
enlarge each cell of Hz to a s1 Y, s1 square by the following rules: 
(1) Each empty cell in H, is replaced by a s1 x s, empty square. 
(2) The cell containing (co, i) in the main diagonal of H, is replaced by 
a Ai , i = l,..., s2 , where Ai is an HI all of whose elements except 
01 + I,..., 2n,) are subscripted by i and leave s, + l,..., 212, non- 
subscripted. 
(3) Each cell not empty and not in the main diagonal of H, must be 
a cell containing (j, k), j # k is replaced by the matrix Qi,k , where Qj,k 
is the s1 x s1 square with entry (I,, rJ, where I, r occurs in the corre- 
sponding cell of L and R, respectively, and every 1 subscripted by j, and 
every r is subscripted by k. 
Now we have a square of side srs* which we call Hand: 
(1) The design H is of order (2~2, - l)s, + (2n, - sl). There are s1 
elements of HI subscripted by I,..., 212, - 1 and there are (2n, - sl) 
elements non-subscripted so the total is (2n, - I)s, + (2n, - sI) elements. 
(2) Each column in H intersects only one Ai , all of whose elements are 
subscripted by i and the non-subscripted elements which appear in the 
cells of Aj, and each element subscripted by j, k, j # i, k # i, appears 
in some cell of one of Qj,k . Since HI , H, are Howell Designs and Qj,k 
comes from a pair L, R of orthogonal Latin squares, then every element 
must appear exactly once in each column. The same holds for each row. 
(3) There are no repeated pairs: 
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(a) Obviously there are not any repeated pairs among Qj,k and Ai . 
This is also true for any pair of different Qj,k . 
(b) If any repeated pair appears in same Ai , this implies that there is a 
repeated pair in H1 , a contradiction. Similarly for Qj,k . 
(c) If any repeated pair appears in Ai , Aj , i # j then the only possible 
repeated pairs are those pairs containing both elements which are non- 
subscripted but HI satisfies the *-condition on these 2n - s elements so 
no repeated pairs appear. 
This completes the proof that H(slsz , (2n, - l)s, + (2n, - sl)) exists. 
THEOREM 7. If Hl and H, in the previous theorem both satisfy the 
*-condition so does H(slsz , (24 - l)s, + (2n, - sl)). 
Proof. We can choose all non-subscripted elements and all elements 
subscripted by s2 + l,..., 2n, - 1 to be the set of elements on which we 
apply the *-condition. Then: 
(a) The total number of these elements is 
(2n, - l)s, + (2n, - sl) - slsz = (2n, - s2 - l)s, + 2n, - s1 . 
(b) Since H, is of side s2 then no non-subscripted element appears 
together with an element subscripted by sz + I,..., 2n, - 1. Since all 
non-subscripted elements only appear in the diagonal of H, , they can be 
paired only with subscripted elements in the diagonal where the subscripts 
are among i = l,..., s2 . 
(c) Since H, satisfies the *-condition no cell of H, contains (j, k) where 
j, k E (3, + I,..., 2n, - 1). So no pair of elements subscripted by 
(sz + I,..., 2nz - 1) can appear in a cell. 
(d) Since Hl satisfies the *-condition, no pair of non-subscripted elements 
can appear in a cell. 
COROLLARY 8. If H(s, 2n) exists and orthogonal Latin squares of order k 
exist then H(sk, 2kn) exists and, if H(s, 2n) satisfies the *-condition, so does 
H(sk, 2kn). 
Proof. Since orthogonal Latin squares of order k exist, it follows that 
H*(k, 2k) exists. Hence by Theorem 6 H(sk, (2n - 1)k + k) exists but 
(2n - 1)k + k = 2kn so H(sk, 2kn) exists. If H(s, 2n) also satisfies the 
*-condition then by Theorem 7 so does H(sk, 2kn). 
COROLLARY 9. If H*(s, 2n) exists, and k is a positive integer k # 2, 6, 
then H*(sk, 2kn) exists. 
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Proof. Orthogonal Latin squares exist for all positive integers k except 
k = 2 and k = 6. 
THEOREM 10. Zf H,,(2n - 1, 2n), H,(s, , 24 exist and (1) H& , 2nJ 
is a subsquare of HI such that s, - s2 = 2n, - 2n,, (2) orthogonal Latin 
squares L, R of order s1 - s2 exist, (3) let H,(s, , 2nJ be as in Figure 1, 
HO P 
1 e u 
FIGURE 1 
and suppose no two of the elements of Hz appear together in any cell of 
P, Q, U (we say that P, Q, and U have the *-property on elements of H,). 
Then H((2n - I)(s, - sz) + sz , (2n, - 2n,)(2n - 1) + 2n,) exists. 
Proof. Let HO be a Room Square such that every cell in the main 
diagonal a pair (co, i), i = 1, 2,.. ., 2n - 1: 
(1) Replace every empty cell of H,, by an empty matrix of size 
01 - 4 x (Sl - sz). 
(2) Replace every cell in the diagonal of H,, by Vi where Ui is obtained 
from U by adding the subscript i to elements which do not come from H, . 
(3) Replace every cell in H,, containing j, k, .j # k, by T,., , j, 
k E (1, 2,..., 2n - 1) where Ti,k has the entry (lj , r,) where /, r are the 
entries of orthogonal Latin squares L and R in the corresponding cells. 
Then add H, , Pi, Qi , i = I ,..., 2n - 1 to the enlarged H,, as in Figure 2 
> enlarged H, 
FIGURE 2 
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and call the new square H, where Pi and Qi are the P and the Q in HI 
with every element, except those elements of H, , subscripted by i. 
Now we check the following: 
(1) H has side (2n - l)(s, - sz) + s2 . 
(2) H has (sl - sJ elements subscripted by (2n - 1) distinct numbers 
and 2n, non-subscripted elements so the total is (2n, - 2n,)(2n - 1) + 2n, 
elements, since s1 - s2 = 2n, - 2n, . 
(3) Each column of H contains every element once. Since H,, is a Room 
Square and all Qi come from Q in HI, then the first s2 columns contains 
each non-subscripted element once in some cell of Hz and each subscripted 
element once in some cell of Qi , and each other column must intersect 
only one Ui and one Pi, so that all non-subscripted elements and the 
elements subscripted by i would appear in P, or Ui and all other elements 
in some Tj.k . Similarly for rows. 
(4) There are no repeated pairs: 
(a) No repeated pairs can appear in any of Hz, Qi, Pi, Ui , and Tj,, . 
This follows since all elements in H, are non-subscripted and since all 
non-subscripted elements in Qi, Pi , Ui are elements of Hz, no two of 
which appear together because of the *-property, and in Tjek there are no 
non-subscripted elements, so that no repeated pairs can appear between 
any two of Hz, Qi, Pi, Ui, TjS, . 
(b) For different Qi , Qj , Pi, Pj , or Ui , Uj where i # j there are no 
repeated pairs. Since the *-property holds there are no non-subscripted 
pairs and all subscripted elements are distinct in Qi and Qj (or Pi and Pi , 
Ui and Ui) if i # j, so no repeated pairs can appear among them. 
(c) There are no repeated pairs in different Tj,k . Since H,, is a Room 
Square no pair (j, k) would appear more than once. 
COROLLARY. The H((2n - I)($, - sz) + sz , (2n, - 2n,)(2n - 1) + 2n,) 
constructed in the theorem satisfies all the conditions mentioned for 
H,(s, ,2n,) in Theorem 1. Furthermore, if H, satisfies the *-condition so 
does the H((2n - l)(s, - s.J + s, , (2n, - 2n,)(2n - 1) + 2n,). 
Proof. (1) H, is a subsquare of H and 
P - l)(s, - sz) + s, - s2 = (2n, - 2n,)(2n - 1) + 2n, - 2n, . 
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(2) U = enlarged H, . 
P = P, v P, LJ ... v Pznml . 
Q = PI ” Qz ” ... ” Qw . 
All of these have the *-property on elements of H, . 
The corollary asserts that the new design constructed in the theorem 
can be reused again to construct further ones. 
To construct an HI(s, ,2n,) satisfying the conditions demanded of it in 
Theorem 10 is in general very difficult. However the multiplication 
theorem (Theorem 6) gives us one such method. We start with a pair of 
designs H*(s, ,2n,) and H*(2n - 1,2n) and use Theorem 6 to construct an 
H,(s,(2n - I), (2n - l)s, + 2n, - Sp). Put 
s,(2n - 1) = sr and (217 - I)s, + 2n, - s2 = 2n, . 
We now have a square H(s, , 2n,) containing a subsquare H(s, ,2n,). Using 
the same methods as used in the proof of Theorem 7 it follows readily 
that H,(s, ,2n,) satisfies the conditions of Theorem 10. 
EXAMPLE. Take H*(s, ,2n,) = H*(3,6) and H*(2n - 1, 2n) = H*(7,8) 
and orthogonal Latin squares as in the diagrams 
H*(7, 8) = H*(2n - 1, 2n) 
H*(3,6) = H*(s, ,2/z,) 
Orthogonal 
Latin squares 
The construction yields an H(21, 24) with a subsquare H(3, 6) satisfying 
the appropriate conditions. 
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6. GENERAL CONSTRUCTIONS USING STARTER-ADDER METHOD 
In this section we describe a recursive construction using the starter- 
adder method and show that H&z + k, 2n) exists for all k > 2 and all 
n >, N(k). Our construction gives an estimate of N(k) which, in general, 
is too large. 
THEOREM 12. H,(n + 2,2n) exists for every positive integer n 3 5. 
Proof. For n odd and n > 5, the following table exhibits a starter- 
adder: 
Adder : n + 2, n + 1, n )...) q + 2, q + I,..., 
Starter: 
SI.UU: 1, (n+ l,n- l), n -3 ,..., 2 n 2 + )..., 
AA& - Yib f2 
5, 4, 3, 2, 1 
4, (n + I,3), 2, x, x 
9, (3,7), 5, 
f4 
Note that the sum and &(x, - yi) are taken mod@ + 2). 
For n even, and n > 8, the following exhibits a starter-adder: 
Adder: n + 2, nfl )...) ; + 3, ; + 2, ; + I)...) 
Starter: 1, (n+2,n) ,..., ;+2, x, ;+l,..., 
Sum: 1, (n+ l,n-1) ,..., 3 ,..,, n + 2,..., 
d+i - Ye): f2 
4, 3, 2, 1 
4, (n+ 1,3), 2, x 
8, (2,6), 4, 
14 
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For n = 6, H,(8, 12) has the following starter-adder: 
Adder: 8, 7, 6, 5, 4, 3, 2, 1 
Starter: 1, x, (2, 5), x, 8, 7. (3,4), 6 
Sum: 1, t&3), 4, 2, (5,6), 7 
i(Xi - yd: It3 51 
Let N(k) be the least positive integer, such that for any n 3 N(k), 
H,(n + k, 2n) exists. That N(k) exists is proved in Theorem 13. Thus, 
for k = 2, we have N(2) = 5. We will use N’(k) for an estimate of N(k) 
such that N’(k) > N(k). 
THEOREM 13. For any k > 2, there is an integer N(k) such that 
H,(n + k, 2n) exists,for all positive integers n 3 N(k). 
ProojI For convenience we put s = n + k, so that 2n = 2s - 2k. 
Then Hs(n + k, 2n) = H,(s, 2s - 2k). Our theorem can be stated 
equivalently as follows: for k >, 2 there is an S(k) such that, for all 
s > S(k), H,(s, 2s - 2k) exists. It is clear that S(k) = N(k) + k. In our 
proof we will consider s odd and s even separately. We will use S,,‘(k) for 
an estimate of S(k) with s restricted to odd values of k and S,‘(k) for an 
estimate of S(k) with s restricted to even values of k and take 
S’(k) = max(S,‘(k), S,‘(k)) and N’(k) = S’(k) + k. (If I S,‘(k) - S,,‘(k)1 = 1, 
then a better value of S’(k) is min(se’(k), S,‘(k)). The proof is by induction 
on k. We start with k = 2 and for fixed s write down a starter-adder. We 
then show that a starter-adder can be constructed for the value k + 1 by 
modifying the starter-adder for k and that the process does not stop until 
s < S,‘(k) ifs is odd or s < S,‘(k) if s is even. 
Case 1. s odd. We start with k = 2 and putting A = (s + 1)/2, we 
write down the starter-adder: 
Adder: s, s- 1, . . . . A + 3, A + 2, A + 1, A, . . . . 
Starter: 1, 0, s - 9, . . . . A + 2, A + 1, A, A - 1, . . . . 
Sum: 1, (s - 1, s - 3), . . . . 6, 4, 2, s, . . . . 
f(Xi - yi): 12 
5, 4, 3, 2, 1 
4, 6 - 1, 3), 2, x, x 
9, (3, 7), 5 
14 
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Call this the initial starter-adder. We refer to a starter pair like (s, s - 2) 
as a doubleton and a starter like 2 as a singleton. We modify this to a 
starter-adder for k = 3 by means of the following two steps: 
Step 1. Remove the singleton starter 2 from the adder 3 and place it 
under adder 2. The sum 5 is replaced by the sum 4. (In notation to be 
described later RS(3) = 2, FA(3) = 3, SA(3) = 2, FS(3) = 5, U(3) = 2, 
SS(3) = 4). 
Step 2. Remove the singleton starter A + 1 from the adder A + 2 
(where the sum is 4 = X?(3)) and combine it with the singleton starter 
A + 2 to form a doubleton starter (A + 2, A + 1) and forming a new 
j-(xi - yi) = f 1. (Here U(3) = A + 1, FLA(3) = A + 2, SLA(3) = 
A + 2 in the notation to be described.) 
We arrive at a starter-adder for a value k = 3 which we call the final 
starter-adder. This is given by: 
Adder: s, s - 1, . ..) A + 3, A + 2, A + 1, . . . . 
Starter: 1, (s, s - -3, . . . . (A + 2, A + 1), x, A, . . . . 
Sum: 1, (s - 1, s - 3), . ..) (6, 5), 2, . ..) 
*(xi - Jo f2 il 
5, 4, 3, 2, 1 
4, 0 - 1,3), x, 2, x 
9, (3, 7), 4, 
zt-4 
We will now show how Steps 1 and 2 can be iterated to go from the 
starter-adder with a value k - 1 to the starter-adder with a value k. 
Note that in going from k = 2 to k = 3 we created a new doubleton pair 
with *(xi - vi) = f 1. We will carry out the steps in such a way that in 
going from k = 3 to k = 4 the values of %(xi - yi) for the new doubleton 
pair will be f3 and generally in going from k - 1 to k the new doubleton 
pair will have +(xi - ya) = -j-(2k - 5). Calling the starter-adder for 
k - 1 the initial starter-adder and the starter-adder for k the final starter 
we introduce the following notation: 
KS’(k) is the starter in the initial starter-adder which is moved in Step 1. 
FA(k) is the adder from which &Y(k) has been removed in Step 1. 
SA(k) is the adder to which RS(k) has been moved in Step 1. 
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FL(k) = H(L) + R,!?(k) = initial sum associated with the starter 
RS(k). 
SS(k) = X4(k) + RS(k) = final sum associated with the starter RS(k). 
U’(k) is the starter for which the sum in the initial starter-adder is 
equal to SS(k). LS(k) is the starter to be removed in Step 2. 
,%4(k) is the adder to which LS(k) is moved. The starter under 
SLA(k) together with LS(k) form a doubleton pair in the final 
starter-adder. 
F&t(k) is the adder from which IS’(k) has been removed. 
FLS(k) = FLA(k) + LS(k) = SS(k). 
SLS(k) = SLA(k) + LS(k). 
Note in the above equalities it is understood that they are taken mod s. 
We subject these functions to the following condition (not all 
independent): 
(1) S&k) = FA(k - 1). 
(2) SS(k) = FLS(k) mod s. 
(3) SLA(k) = FM(k) + 2k - 5. 
(4) SLS(k) = FLS(k) + 2k - 5. 
(5) RS(k) = F&k) - 1 (holds only for s odd). 
(6) U(k) = FL/i(k) - 1. 
We summarize Steps 1 and 2 as follows: 
Step 1. Remove RS(k) from FA(k) to U(k). Note that these numbers 
are determined as follows: SA(k) = FA(k - 1) and take FA(k) = 
M(k) + (2k - 5) and RS(k) appears under FA(k) in the initial starter- 
adder. As a consequence PA(k) has no starter associated with it in the final 
starter-adder and SS(k) = l%(k) - (2k - 5). 
Step 2. Determine LS(k) as follows. Take FLY(k) = SS(k) mod s and 
LS(k) is the starter associated with the sum FLS(k) in the initial starter- 
adder. Remove the starter LS(k) from the adder FLA(k) to the adder 
FLA(k) + (2k - 5) = SLA(k). It will pair up with the adder initially 
under SLA(k) to form a doubleton with *(xi - JJJ = 2k - 5. 
When Steps 1 and 2 are completed it will be verified that FLA(k) = 
SLA(k - 1) + 1 and SLS(k) E FS(k) mod s. This will show that the final 
configuration is actually a starter-adder and that we can proceed from k 
to k + 1 (ifs 3 S,,(lc + 1)). 
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Now FA(3) = 3 and by induction 
FA(k) = 2 + i (2i - 5) = 2 + (k - 2)2. 
id 
Also 
us = m(k) + RS(k) = 2FA(k) - 1 by (5) 
= 3 + 2(k - 2)2, 
Again 
x$(k) = m(k) - (2k - 5) = 8 - 2k + 2(k - 2)2. 
S(k) = FLS(k) mod s by (2) 
= FLA(k) + U(k) mod s 
= 2FLA(k) - 1 mod s by (6). 
Since SS(k) is even and 2FLA(k) - 1 is odd, ST(k) = 2FLA(k) - 1 - s or 
2FLA(k) = 8 - 2k + 2(k - 2)2 + 1 + s, 
FLA(k) = 4 - k + (k - 2)2 + A (since A = F). 
Hence SLA(k) = k - 1 + (k - 2)2 + A. 
Replace k by k - 1, getting 
SLA(k - 1) = k - 2 + (k - 3)2 + A 
= k - 2 + (k - 2) - 1)2 + A 
= k - 2 + (k - 2)2 - 2(k - 2) + 1 + A 
=3-k+(k-2)2+A. 
Hence FLA(k) = SLA(k - 1) + 1. Again 
SLS(k) = FLS(k) + (2k - 5) by (4) 
= SS(k) + (2k - 5) + s 
= FS(k) + s 
Hence SLS(k) = FS(k) mod S. 
To determine S,,‘(k) note that we can only go from k to k + 1 if 
s 3 SLA(k) + 2 
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Hence 
or 
s > 2k + 3 + 2(k - 2)2 = 2k2 - 6k + 11. 
Hence we may take S,‘(k) = 2k2 - 6k + 11. In particular S,,‘(3) = 11. 
Case 2. s even. For s >, 10 we have the starter-adder with k = 2, 
A = s/2 given by 
Adder: s, s - 1, . ..) A + 3, A + 2, A + 1, A, . . . . 
Starter: 1, (s, s - 3, . . . . A + 2, A + 1, x, A, . . . . 
Sum: 1, (s - 1, s - 3), . ..) 5, 3, s, . ..) 
4, 3, 2, 1 
4, @ - L3), 2, x 
8, (2, 6), 4 
The calculation is exactly the same as in the odd case but condition (5) 
must be replaced by (5’) RS(k) = FA(k)s, even. 
Again we must show that FLA(k) = SLA(k - 1) + 1 and SW(k) = 
FS(k) mod s, in order that we can proceed from k to k + 1 (if 
s > S,(k + 1)) and to prove our final configuration is a starter-adder. 
Now FA(3) = 2 and by induction 
Also 
FA(k) = 1 + i (2k - 5) = 1 + (k - 2)2. 
i=3 
SA(k) = FA(k - 1) for k>3 
= 1 + (k - 3)2 (also true for k = 3). 
Again, 
FS(k) = FA(k) + RS(k) 
= 2FA(k) by 5’ 
= 2 + 2(k - 2)2, 
SS(k) = RS(k) + SA(k) 
= FA(k) + SA(k) 
= 1 + (k - 2)2 + 1 + (k - 3)2 
= 2 + (k - 2)2 + (k - 3)2. 
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L%(K) is odd since the sum of two consecutive squares is odd. Now 
SS(k) = FLS(k) - s by (2) 
= FLA(k) + LS(k) - s 
= 2FLA(k) - 1 - s by (6). 
Hence 2 + (k - 2)2 + (k - 3)2 = 2FLA(k) - 1 - s or 
FLA(k) = 3 + (k - 2)2 + (k - 3)2 + s 
2 2’ 
This reduces to 
FLA(k) = k - 1 + A + (k - 3)2. 
Also 
or 
SLA(k) = FLA(k) + (2k - 5) by (3) 
=A+k-l+((k-2)2 
SLA(k - 1) = A + k - 2 + (k - 3)2. 
Hence 
FLA(k) = SLA(k - I) + 1, 
SLS(k) = FLS(k) + 2k - 5 by (4) 
= 2FLA(k) - 1 + 2k - 5 
= s + 2k - 3 + 2(k - 3)2 + 2k - 5 
= s + 2 + 2(k - 2)2. 
Hence 
SLS(k) = FS(k) mod s. 
To determine S,‘(k) note that 
s 3 2 + SLA(k) 
= 2 + A + k - 1 + (k - 2)2. 
Since A = s/2 this becomes 
s > 2 + 2k + 2(k - 2)2 = 2k2 - 6k + 10. 
Hence S,‘(k) may be taken as 2k2 - 6k + 10. 
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Since S,‘(k) - S,‘(k) = 1 we may take 
s’(k) = S,‘(k) = 2k2 - 6k + 10. 
Hence 
N’(k) = 2k2 - 7k + 10. 
7. SOME BELT PO,WBLE RESULTS AND SOME INFORMATION OBTAINED 
FROM A COMPUTER 
In Section 6 the value N’(k) is usually not best possible. In this section 
we still improve some of the values of N’(k) and summarize in a table the 
results obtained. Table I gives the estimates of s’(k) and N’(k) obtained in 
Section 6 and better estimates s”(k) and N”(k) obtained by special 
constructions which are similar to those in Section 6, and by computer 
constructions. 
TABLE I 
k s’(k) N’(k) S”(k) N”(k) 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
- 
10 
18 
30 
46 
66 
90 
118 
1.50 
7 
14 
25 
40 
59 
82 
109 
140 
3 
6 
9 
9 
11 
13 
1.5 
17 
19 
21 
3 
- 
4 
6 
5 
6 
7 
8 
9 
10 
11 
In Table II we list the known results for n = 1 to 15 and k = 0 to 10. 
Parts of Table II contain entries which do not follow from the general 
theory. These have been computed either by hand or by ad hoc procedures 
aided by a computer. A more comprehensive version of this paper in which 
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these calculations are given is available from the department of mathe- 
matics at the University of Manitoba. The computations make the 
following conjecture reasonable: 
CONJECTURE. The foIlowing conjecture is almost certainly true, namely: 
S(k) = 2k + 1 for all k > 4. 
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